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, In this paper, we consider a long-time behavior of stable-Hke processes. A stable-Uke process 

is a Feller process given by the symbol = -i/3(x)C + 7(x)|C|"(''\ where a{x) 6 (0,2), 

P{x) G M and 7(x) £ (0,cx)). More precisely, we give sufficient conditions for recurrence, 
transience and ergodicity of stable-like processes in terms of the stability function a{x), the 
drift function I3{x) and the scaling function j{x). Further, as a special case of these results we 
' give a new proof for the recurrence and transience property of one-dimensional symmetric stable 

. Levy processes with the index of stability a ^ 1. 
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1 Introduction 

> 

The recurrence and transience property of Levy processes, and in particular of stable Levy 
processes, has been completely studied in [Sat99, Chapter 7]. In this paper, we consider long-time 
■ behavior of stable-like processes. Let a : M — > (0,2), /3 : M — y M and 7 : M — > (0,oo) be 

^Sj I arbitrary bounded and continuously differentiable functions with bounded derivatives, such that 

< inf{a(a;) : x G M} < sup{a(x) : x G M} < 2 and < inf{7(x) : x G M}. Under this 
assumptions, R. Bass [Bas88], R.L. Schilling and J. Wang [SW12, Theorem 3.3.] have shown that 
there exists a unique Feller process called a stable-like process, which we denote by {X^}t>o, given 
by the following infinitesimal generator 

^ ' r ( ) 

.S: AV{x) = (3{x)nx)+ / (/(y + :c)-/(x)-/'(x)yl|,.|,|<i}(y))^g^dy, (1.1) 



where 



^ a(x)2"(-)-ir(^) 

c(x) = 7(x) J -—^ , 

7r^r(l-^) 



2 

Clearly, the symbol of this process is given byp(x,e) = -i/3(x)C + 7(2;)|C|"('^). The aim of this paper 
is to find sufficient conditions for recurrence, transience and ergodicity of stable-like processes. The 
main tool used in proving these conditions is the Foster-Lyapunov criteria for general Markov 
processes, which were developed in [MT93b]. 
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Long-time behavior of stable-like processes has already been considered in literature. Clearly, in 
the case when a(x), I3{x) and j{x) are constant functions, the stable-like process {X^}t>o becomes 
one-dimensional symmetric stable Levy process with the drift. By the Chung- Fuchs criterion (see 
[Sat99, Corollary 37.17]), its recurrence and transience property depends only on the index of 
stability a € (0, 2] and the drift /3 € M. More precisely, one-dimensional symmetric stable Levy 
process with the drift is recurrent if and only if either 1 < a < 2 and /3 = or a = 1. In this paper, 
in the case when a ^ 1 and /3 = 0, we prove the same fact by using a different technique. 

In the general case, R.L. Schilling and J. Wang [SW12, Theorem 1.1 (ii)] have developed a 
Chung-Fuchs type condition for transience for "nice" Feller processes. By applying this condition 

to the stable-like process {X"}t>o, they have shown that limsup|^| ^^a{x) < 1 is a sufficient 

condition for transience. In this paper, we relax the assumption limsup|a,| ^oo^^i^) < 1) that is, 

we give a sufficient condition for transience without any further assumptions on the function a{x). 

Next, J. Wang [Wan08] has given sufficient conditions for recurrence and ergodicity of general 
one-dimensional Levy type Feller processes, that is, the Feller processes given by the following 
infinitesimal generator 

Afix) = b{x)f'{x) + \a{x)f"{x) + [ {fiy + x) - f{x) - /'(x)yl{,.|,|<i|(y)) u{x, dy), 

where a{x) > and b{x) € M are Borel measurable functions and z^(x, •) is a cr-finite Borel kernel 
on M X B{R), such that ^{x, {0}) = and Jj^{l A y'^)v{x, dy) < oo holds for ah x G M. By applying 
these conditions to the stable-like case, he has shown that 

if aix) > 1 and , ; ^ + x^ix) + ^ ;'J < 

a[x) — 2 a[x) — 1 

for all |x| large enough, then the corresponding stable-like process is recurrent (see [Wan08, Theorem 
1.4 (i)]). Note that the above recurrence condition does not cover the zero drift case and the 
case when a(x) < 1. In particular, it does not cover a symmetric stable Levy process case. 
Further, conditions for ergodicity presented in that paper do not cover the stable-like case (see 
[Wan08, Theorem 1.4 (ii)]). In this paper, we give a sufficient condition for recurrence without any 
further assumptions on the function a{x) and a sufficient condition for ergodicity in the case when 
1 < inf{a(x) : x G M}. 

Furthermore, in the case when a{x) and 7(2;) are periodic functions with the same period and 
when P{x) = 0, B. Franke [Fra06, Fra07] has shown that the recurrence and transience property of 
the corresponding stable-like process depends only on the minimum of the function a{x), that is, if 
the set {x € M : a{x) = oq := inf^^gK a(x)} has positive Lebesgue measure, then the corresponding 
stable-like process is recurrent if and only if ao > 1. 

Finally, if the functions a(x), /3(x) and 7(x) are of the form 

, . ( a, X < -k , , , , ( -y, X < -k 

Oi\x) = i n 1 P\x) = and 7(x) = < ^ r 

^ ' [ /3, X > A:, '^^ ' ' \ 5, X > k, 

where a, /3 € (0,2), 7, 5 € (0, 00) and /c > 0, then by using an overshoot approach, B. Bottcher 
[Botll] has shown that the corresponding stable-like process is recurrent if and only if a + /3 > 2. 

For the Dirichlet forms approach to the problem of recurrence and transience of stable-like 
processes without the drift term we refer the reader to [Uem02, IU04], and for the discrete-time 
analogous of stable-like processes and their recurrence and transience property we refer the reader 
to [Sanl2a, Sanl2b]. 

Now, let us state the main results of this paper. 
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Theorem 1.1. (i) ZeHiminf|^.| ^oo^^i^) ^ 1- If 



limsup sgn(x)-^|xr^^^-^/3(a;) + vrctg ) ) < 0, (1.2) 

\x\ — >oo V \ I 

then the corresponding stable-like process {X"}t>o is recurrent, 
(n) If 



liminf ( sgn(x)44kr^"^"'/3(^) + vrctg ("^^ ) ) > q, (1.3) 



then the corresponding stable-like process {X^}t>o is transient. 

The following constant will appear in the statement of the following theorem. For a € (0, 2) 
and 9 G (0, a) let 



IE© 

i=l ^ ' 



2^a 2F1 (-9, a-9,l + a-9;-l) + a2Fi {-9, a - 9,1 + a - 9;1) 



2i-a 9 9{a-9) 



where (^) is the binomial coefficient and 2F1 (O) b, c; z) is the Gauss hypergeometric function (see 
Section 3 for the definition of this function). 

Theorem 1.2. Let I < a := inf{a(x) : x G M}. // 

limsup limsup f sffn(x)44kr^'^^"^/3(x) + ^^l^r^^)"" + E{a{x),9) \ < 0, (1.4) 
e^a >oo V c(x) 9c{x) J 

then the corresponding stable-like process {X^}t>o is ergodic. 

Let us give several remarks about Theorems 1.1 and 1.2. Firstly, note that condition (1.4) 
implies condition (1.2). To see this, note that 



vrctg (^)<^|xr(^M + ^(a(x),^) 



for all < 9 < a and all |x| large enough. Thus, as it is commented in Section 2, ergodicity implies 
recurrence. Secondly, let < < liminfi^i ^oo'^i^) be arbitrary, then 



X — >oo 



limsup fs5n(x)^|xr(^)-V(x) + Eia{x),9)] < (1.5) 
V c(x) J 



implies recurrence of the corresponding stable-like process (see the proof of Theorem 1.2). Further, 
it can be proved that the function 9 1 — > E{a, 9) is strictly increasing, thus we choose 9 close to 
zero. Next, from (3.2), (3.3) and (3.4), it is easy to see that 

^hm^S(a,^) = vrctg (^) . 

Hence, (1.5) becomes (1.2). Thirdly, note that if limsup|^,| y^a{x) < 1, than the corresponding 

stable like process cannot be recurrent. Fourthly, the assumption liminf |^.| a{x) > 1 in Theorem 

1.1 (i) is not restrictive, that is, we can state Theorem 1.1 (i) without any assumptions about the 

function a{x) (see the proof of Theorem 1.1 (i)). But, if we allow that liminf i^,] a{x) < 1, then, 

clearly, (1.2) does not hold. Finally, as a simple consequence of Theorem 1.1 we get a new proof 
for the well-known recurrence and transience property of Levy processes. 
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Corollary 1.3. A one-dimensional stable Levy process given by the symbol (characteristic expo- 
nent) p(^) = 7|^|", where a ^ 1 and 7 G (0,cx)), is recurrent if and only if a > 1. 

Note that Theorem 1.1 (i) does not imply the recurrence property of one-dimensional symmetric 
1-stable Levy process since, in this case, the left-hand side in (1.2) equals to zero. 

Now, we explain our strategy of proving the main results. The proofs of Theorems 1.1 and 1.2 
are based on the Foster- Lyapunov criteria (see Theorem 2.3). These criteria are based on finding 
an appropriate test function V{x) (positive and unbounded in the recurrent case, positive and 
bounded in the transient case and positive and finite in the ergodic case), such that A'^V{x) is well 
defined, and a compact set C C M, such that A°'V{x) < in the recurrent case, A"'V{x) > in the 
transient case and A°'V{x) < — 1 in the ergodic case for all x € C^. The idea is to find test function 
V{x) such that the associated level sets Cv{r) := {y : V{y) < r} are compact sets and such that 
Cvir) 1 when r 00, in the cases of recurrence and ergodicity and Cy(r) t when r 1, in 
the case of transience. In the recurrent case, for the test function we take V{x) = ln(l + |a;|). In 
the transient case we take V{x) = 1 — (1 + |x|)~^, where < ^ < 1 is arbitrary, and in the ergodic 
case we take V{x) = \xf, where 1 < 6 < mfx£Ma{x) is arbitrary. Now, by proving that 

limsup A'^Vix) < 

|a;| — i-oo C{X) 

in the recurrent case, 

liminf ^ ^'7, A"V{x) > 

\x\ ^00 C{X) 

in the transient case and 

limsup ^^'y (A'^Vix) + 1) < 

\x\ — >oo cyx ) 

in the ergodic case, the proofs of Theorems 1.1 and 1.2 are accomplished. 

Let us remark that a similar approach, using similar test functions, can be found in [LamGO], 
[MAY95] and [Sanl2a] in the discrete-time case and in [ST97] and [Wan08] in the continuous-time 
case. 

The paper is organized as follows. In Section 2 we recall some preliminary and auxiliary results 
regarding long-time behavior of general Markov processes and we discuss several structural prop- 
erties of stable-like processes which will be crucial in finding sufficient conditions for recurrence, 
transience and ergodic properties. Further, we also give and discuss some consequences of the main 
results. Finally, in Section 3, using the Foster-Lyapunov criteria, we give proofs of Theorems 1.1 
and 1.2. 

Throughout the paper we use the following notation. We write Z+ and Z_ for nonnegative 
and nonpositive integers, respectively. By A(-) we denote the Lebesgue measure on the Borel a- 
algebra 13{W^). Furthermore, {0,,J^, {IP^IxgR"^' {■^t}t>Oi {^t}t>o}, {^t}t>o ™ the sequel, will denote 
an arbitrary Markov process on M.'^ with transition kernel p*{x,-) := ¥^{Xt € •) and {X^'}t>o will 
denote the stable-like process given by the infinitesimal generator (1.1). 

2 Preliminary and auxiliary results 

In this section we recall some preliminary and auxiliary results regarding long-time behavior of 
general Markov processes and we discuss several structural properties of stable-like processes. 
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Definition 2.1. Let {Xt}t>o be a cddldg strong Markov process on . The process {Xt\t>o is 
called 

(i) Lebesgue irreducible if X{B) > implies p^{x, B)dt > for all x € M'^. 

(a) recurrent if it is Lebesgue irreducible and if X{B) > implies p^{x, B)dt = oo for all 
X € W^. 

(Hi) Harris recurrent if it is Lebesgue irreducible and if \{B) > implies P^(tb < oo) = 1 for all 
X G M"', where tb := inf{t >0: Xt£ B}. 

(iv) transient if it is Lebesgue irreducible and if there exists a countable covering ofMf^ with sets 
{Bj}j^^ C I3{M.'^), such that for each j S N there is a finite constant Mj > such that 
J^p^ix, Bj)dt < Mj holds for all xeM.'^. 

Note that the Lebesgue irreducibility of stable Levy processes is trivially satisfied, and the 
Lebesgue irreducibility of general stable-like processes has been shown in [SW12, Theorem 3.3]. 
Hence, according to [Twe94, Theorem 2.3], every stable-like process is either recurrent or transient. 
Further, every Harris recurrent process is recurrent but in general, these two properties are not 
equivalent. They differ on the set of the irreducibility measure zero (see [Twe94, Theorem 2.5]). In 
the case of the stable-like process {X^}t>o, by [Botll, Theorems 4.2 and 4.4], these two properties 
are equivalent. 

A (T-finite measure 7r(-) on B{M.'^) is called an invariant measure for the Markov process {Xt}t>o 

if 

tt{B) = [ p\x,B)7r{dx) 

holds for all t > and all B G B{W^). It is shown in [Twe94, Theorem 2.6] that if {Xt}t>o is a 
recurrent process then there exists a unique (up to constant multiples) invariant measure ■7r(-). If 
the invariant measure is finite, then it may be normalized to a probability measure. If {Xt}t>o 
is (Harris) recurrent with finite invariant measure vr(-), then {Xt}t>o is called positive (Harris) 
recurrent, otherwise it is called null (Harris) recurrent. The Markov process {Xt}t>o is called 
ergodic if an invariant probability measure 7r(-) exists and if 

lim ||p*(x,.)-7r(-)|| =0 

t — ^oo 

hods for all a; G M*^, where || • || denotes the total variation norm on the space of signed measures. 
One would expect that every positive (Harris) recurrent process is ergodic, but in general this is not 
true (see [MT93a]). In the case of the stable-like process {X^}t>o, these two properties coincide. 
Indeed, according to [MT93a, Theorem 6.1] and [SW12, Theorem 3.3] it suffices to show that if 
{X^}t>o possess an invariant probability measure vr(-), then it is recurrent. Assume that {X"}f>o 
is transient. Then there exist a countable covering of R with sets {Bj}j,zfq C B(R), such that for 
each j G N there is a finite constant Mj > such that p^{x, Bj)dt < Mj holds for all x G M. 
Let t > he arbitrary. Then for each j G N we have 

tTi{Bj)= [ [ p%x,Bj)TT{dx)ds < Mj. 
Jo Jr 

By letting t — > oo we get that T^{Bj) = for all j G N, which is impossible. Let us remark that a 
stable Levy process is never ergodic since the Lebesgue measure satisfies the invariance property. 

Due to the above discussion and from Theorems 1.1 (i), 1.2 and [MT93a, Theorem 3.2], we get 
the following two additional long-time properties of stable-like processes. 
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Corollary 2.2. (i) Under assumptions of Theorem 1.1 (i), for each initial position x G M and 
each covering {OnjneN ofM. by open bounded sets we have 

n U / hx?eO,.}dt = 0\] =0, XGM. 

„,=lm=0 ^-^"^ J / 

In other words, for each initial position x € M the event {X^ € C for any compact set C C 
M and all t G ]R_|_ sufficiently large} has probability 0. 

(ii) Under assumptions of Theorem 1.2, for each initial position x G M and each e > 0, there 
exists a compact set C C M such that 



lim inf 

t — ^oo 



1 /■* 



> 1 - e. 



As already mentioned, the proofs of Theorems 1.1 and 1.2 are based on the Foster-Lyapunov 
criteria. Let us recall several notions regarding Markov processes we are going to need in the sequel. 
The extended domain of a cadlag Markov process {Xt}t>o on is defined by 

'D{A.) := "1/(3^) is Borel measurable : there is a Borel measurable function g{x) such that 

f{Xt) — f{Xo) — J g{Xs)ds is a local martingale under {P^j^gj^dl. 

Let us remark that in general, the function g{x) does not have to be unique (see [EK86, Page 24])). 
For / G 'D^A) we define 

Af = ^g{x) is Borel measurable : f{Xt) — fi^Xo) — j g{Xs)ds is a local martingale under {F^I^-gEd 

We call A the extended generator of {Xt\t>o- A function g G Af is usually abbreviated by 
Af{x) := g{x). Clearly, if A is the infinitesimal generator of the Markov process {Xt}t>o with the 
domain T>{A), then T){A) Q T^iA) and for / G T^iA) the function Af{x) is contained in Af (see 
[EK86, Proposition IV. 1.7]). In the case of the stable-like process {X^}t>o, obviously we have 



f^C 



{f{y + x)-f{x))-^^^dy 
{\y\>i} 



< oo for all X G M ^ C V{A), (2.1) 



and for the function Af{x) we can take exactly the function ^°/(x), where A'^ is the infinitesimal 
generator of the stable-like process {Xf}t>Q given by (1.1). 
Next, let {Xt}t>o be a cadlag Markov process on and let 

Tc := inf{t > : ^ M'^} and T^ := lim inf{t > : |Xtt > n}. 

n — ^oo 

The process {Xt}t>a is called conservative if P^(Tc = oo) = 1 for all x G M'^ and non-explosive if 
^''{Te = oo) = 1 for all x G M"'. By [Sch98, Theorem 5.2], the stable-hke process {Xf}t>o is always 
conservative and then, sice it has cadlag paths, it also non-explosive. 

A function V -.W^ — M+ is called a norm-like function (for a cadlag Markov process {Xt}t>o) 
if y G T){A) and the level sets {x : V{x) < r} are precompact sets for each level r > 0. 
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Finally, a set C € B^W^) is called Ua-petite set (for a cadlag Markov process {Xt}t>o) if there 
exist a probability measure a(-) on S(M+) and a nontrivial measure fa(-) on I3{M.'^) such that 

/•oo 

/ p\x,B)a{dt)>Ua{B) 
Jo 

holds for all X G C and all B £ ^(M'^). 

Now, we state the Foster-Lyapunov criteria (see [MT93b, Theorems 3.2 and 4.2] and [ST94, 
Theorem 3.3]). 

Theorem 2.3. Let {Xt}t>o be a non-explosive Lebesgue irreducible cddldg Markov process on Mf^. 

(i) If every compact set is a petite set and if there exist a compact set C C M'^ with X{C) > 0, a 
constant d > and a norm-like function V{x), such that 

AV{x) < dlcix), X € M"^, 

then the process {Xt}t>o is Harris recurrent. 

(ii) If there exist a bounded Borel measurable function V : — > M+ and closed sets C,D CI M*^, 
D C C^, such that 

(a) A(C) > 0, X{D) > and sup^g(^y(2;) < inf^gz) y(x) 

(b) AV{x) > for allx£ C^, 

then the process {Xt}t>o is transient. 

(Hi) If every compact set is a petite set and if there exist d > 0, a compact set C C R"^ with 
\{C) > 0, a Borel measurable function f{x) > 1 and a nonnegative function V € T>{A), such 
that 

(a) V{x) is bounded on C 

(b) AV{x) < - fix) + dlcix) for all x G M*^, 

then the process {Xt}t>o is positive Harris recurrent and 

T^if) ■= / fix)Tridx) < oo, 

where 7r(-) is the invariant measure for {Xt}t>o. 

Let us remark that in the case of the stable-like process {X^}t>o, according to [Twe94, Theorems 
5.1 and 7.1], the first requirements of Theorem 2.3 (i) and (iii) always hold, that is, every compact 
set is a petite set. 

We end this section with the following observation. Assume that {Xt}t>o is an ergodic Markov 
process with invariant measure 7r(-). Then, clearly, 

lim E-[fiXt)]=7Tif) 

t — ^oo 

holds for all x G M"^ and all bounded Borel measurable functions fix). In what follows, we extend 
this convergence to a wider class of functions. For any Borel measurable function fix) > 1 and 
any signed measure /i(-) on BiW^) we write 

WnWf := sup \fiig)\, 
\g\<f 
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where the supremum is taken over all Borel measurable functions g : — > M satisfying \g{x)\ < 
f{x) for all X G U.'^. A Markov process {Xt}t>o is called f-ergodic if it is positive Harris recurrent 
with invariant probability measure 7r(-), if ■7r(/) < oo, and 

lim \\p\x,-)-Kf)\\f=0, xeM'^. 

t — ^oo 

Note that || • ||i = || • ||- Hence, /-ergodicity implies ergodicity. Now, by Theorems 1.2, 2.3 (iii) and 
[MT93b, Theorem 5.3 (ii)], we get the following sufficient condition for /-ergodicity. 

Theorem 2.4. Let 1 < a := inf ^^gu a(a;) and let 6 G be arbitrary. If there exist Borel 

measurable function f{x) > 1 and strictly increasing, nonnegative and convex function 4>{x), such 
that \x\^ = cl){f{x)) for all \x\ large enough and 

limsup fsgn(a;)^|xr(^)-V(x) + ^^kr^^^-^l^) + Eia{x),9)] < 0, (2.2) 
|x|~^oo V c[x) ec{x) J 

then the corresponding stable-like process {X^}t>o is f-ergodic (recall that the constant E{a,0) is 
defined in Theorem 1.2). 

e_ 

Now, let G (0,0] be arbitrary. By taking f{x) = and (j){x) = for all \x\ large enough, 
we get the following corollary. 

Corollary 2.5. Let 1 < a := mfx£Ra{x). If 



lim sup lim sup 

8 — >a \x\ — ^oo 



( sgn(2;)44l^r^'^"'/3(^) + ^^1x1-^-^+'' + E{a{x),e)] < 
\ c[x) dc{x) J 



for some r] G (0,a), then the corresponding stable-like process {X^}t>o is f-ergodic for every 
function f{x) > 1 such that f{x) < for all \x\ large enough. 

3 Proof of the main results 

In this section we give proofs of Theorems 1.1 and 1.2. Before the proofs, we recall several 
special functions we need. The Gamma function is defined by the formula 

POO 

T{z) := / t^-^e-^dt, z G C, Re{z) > 0. 
Jo 

It can be analytically continued on C \ Z_ and it satisfies the following two well-known properties 

r{z + l) = zT{z) and r(l - z)r(z) = _ ^ (3.1) 

sin(7rz) 

The Digamma function is a function defined by "^{z) := for z G C \ Z_, and it satisfies 

the following properties: 



(i) 



oo 

Z 



^^,{l + z) = -J + y ^ (3.2) 
^ ^ ^n(n-\-z) ^ ' 

n=l 



where 7 is the Euler's number 
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(ii) 

*(l + z) = ^(z) + ^ (3.3) 

(iii) 

^(1 - z) = ^'(z) +7rctg(7rz). (3.4) 
The Gauss hyper geometric function is defined by the formula 

T? ( h \ (a)n(^)n ^" ,„ 

2Fi(a,6,c;.):=^^^-, (3.5) 

n=0 

for a,b, c, z £ C, c ^ Z_, where for w G C and n G Z+, (ii;)„ is defined by 

{111)0 = 1 and {w)n = w{w + \) ■ ■ ■ {w + n — 1). 

The series (3.5) absolutely converges on 1^1 < 1, absolutely converges on \z\ < 1 when Re(c — a— 6) > 
0, conditionally converges on \z\ < 1, except for z = 1, when —1 < Re(c — b — a) <0 and diverges 
when Re(c — b — a) < —1. In the case when Re(c) > Re(6) > 0, it can be analytically continued 
on C \ (1, 00) by the formula 

2Fi(a, b, c; z) = ^''"^1 - tr'^Hl " tzt'^dt, (3.6) 

and for a, 6 € C, c S C \ Z„ and z € C \ (0, 00) it satisfies the following relation 

r(c)r(6-a), ^ _ _ , _ 1 



2Fi(a,6,c;2;) = -{-z) " 2F1 [ a,l - c + a,l - b + a; 

T(b)T{c — a) \ z 

For further properties of the Gamma function, the Digamma function and hypergeometric functions 
see [AS84, Chapters 6 and 15]. We also need the following two lemmas. 



Lemma 3.1. 



hm -f:-(-r^X = 0. 

n=l ^ ' 



Proof. First, note that for x > 0, by the binomial expansion of (1 + x)", we have 

(1 + x)" > nx"-^ for all n € N. 
Now, the desired result follows by the dominated convergence theorem. □ 
Lemma 3.2. Let a : M — > (0, 1) U (1, 2) be an arbitrary function. Then for every R > we have 

I ( f X 



lim — 1 - 1 1=0. 

X — 5>oo 1 — a(x) \ \x + R ^ 
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Proof. Let < e < 1 be arbitrary. Since 



1 



holds for all t G (-1, 0) U (0, 1), we have 



< lim sup --^ 

x^oo 1 - a{x) 



1 



X 



l—a{x) ^ 



Now, by letting e — > 0, we have the claim. 



1 _ fi W 
< lim sup ^ f- < -21n(l -e). 

X — ^oo 1 - aix) 



□ 



Proof of Theorem 1.1 (i). The proof is divided in four steps. 

Step 1. In the first step we explain our strategy of the proof. Let € C^(M) be an arbitrary 
nonnegative function such that = \x\, for |x| > 1, and ip{x) < \x\, for \x\ < 1. Now, let us 

define the function V : M — > M+ by the formula 

V{x) ■.= ln{l + ^{x)). 

Clearly, V € C^(M) and the level set Cv^(r) := {x : V{x) < r} is a compact set for all levels r > 0. 
Furthermore, it is easy to see that 



c(x) 



{\y\>l} 



< oo 



holds for all x S M. Hence, by the relation (2.1), V G ^(-4) and for the function AV{x) we can take 
the function A°'V{x), where A" is the infinitesimal generator of the stable-like process {X^}t>o 
given by (1.1). In the sequel we show that there exists ro > 0, large enough, such that AV{x) < 
for all X S {Cv{ro)y ■ Clearly, sup^g,^^^,.^) |>iy(x)| < oo. Thus, the desired result follows from 
Theorem 2.3 (i). In order to see this, since Cy(r) f M, when r /• oo, it suffices to show that 



limsup^(l + |x|)°(^Uy(x) < 0. 



Step 2. In the second step, we find more appropriate expression for the function AV{x). We 
have 



AVix) = A 



Let us define 



'V{x) =fi{x)V'{x) + ^ {V{x + y)- V[x) - V {x)yl{\y\^^}{y)) ^^y^dy 

=P{x)y'{x) + [ {V{x + y)- V{x) - V'{x)y) y^^-^dy 

J{\y\<l} 



+ 



{V{x + y)-V{x))-^-dy. 

{\y\>l} 



A{x) : = P{x)V'{x) 



B{x) 
C{x) 



[ {V{x + y)- Vix) - V'{x)y) 
J{\y\<l} 

{V{x + y)-V{x))-^-dy. 

{\y\>l} 



dy 
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Hence, in order to prove (3.8) it suffices to prove 

limsup ^(1 + = limsup ^(1 + + B{x) + C{x)) 

\x\ >oo C\Xj 1^1 ^(-^ C\Xj 

< limsup ^(1 + |rE|)"(^-) (^(x) + limsup + <0. (3.9) 

Furthermore, for x > large enough we have 



A{x) 



l + x' 

y \ _ y \ c{x) 

l + xj l + X J 



and 



C{x) = (ln(l -x-y)- HI + X)) 

+ / (ln(l + ifix + y)) - ln(l + x)) , 



+ 



(ln(l + x + y)- ln(l + x)) -^rr^dy 

{-x+l<y<-l} |y|°(^i+l 



+ / (ln(l + x + y) -ln(l +x)) 
J{v>i} 



i{v>i} 

r In (l^i±y\ ^ 



1 + X J 



oo 



+ / In ( 1 + -^"l 4^d,. 

Step 3. In the third step, we compute limsup^ ^^(H-x)"(^)i?(x). By using the elementary 

inequality t-t^ < ln(l + t) <t, we get 



2c(x) c(x) 



(2 - a(x))(l + x)2 (1 + x) 

Hence, 



|y|i^"(^')(iy < S(x) <0. 



lim + x)°(^)B(x) = 0. (3.10) 

= — >oo c(x) 
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Step 4. In the fourth step, we compute limsupj, {1 + x)°'^^^ i^ix) + C{x)) . In the case 

when a{x) = 1, we have 



c(x) 



\1 + X J X — 1 X — 1 

+ (1 + X) In ( ^+f--y) \ % _ ln(x - 1) + X h.(x) 

In (4,^ ... . 



ln(l + 3;) X , , X ^ , 
+ ^ + 7 ln(l + x) ln(l + x) 



Now, since 



X — 1 X — \ X — \ X — \ 

+ ln(2 + x) + (1 + x) hi + • 



X — 1 \x — ly J x-\ V 1 + x yy^ x — 1 \x — 1 

by elementary computation we get 

hm ^^C(x) = 0. (3.11) 

X — 5>oo c(x) 

Further, in the case when a{x) ^ 1, using integration by parts formula and (3.6), we get 



^(l + x)«(^)C(. 



2F1 (l,a(x),l +a(x); f 



-X 



1 + X J a(x) 

l+x 



.„,.),:..r-/;.(i±^)-^ 

+ (1 + x)"(^) In f 1 —\ - (1 + x)"(^)(x - l)-"(^) In ( -^^—] 

\ I + X J \l + xy 

2F1 (1, 1 - a(x), 2 - a(x); f^) 2F1 (l, 1 - a(x),2 - q(x); ^) 
(a(x) - 1)(1 + x)i-"(^)(x - l)"W-i (a(x) - 1)(1 + x)i-°(^) 

+ (1 + x)°(-) In f 1 + ^1 + ^ + - 

^ ^ V l + a;y a(x)(l + x)-°(^) 
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Let us put 

Ci(x) :=lnf^— ^ _(i+a;)"W(^_l)-'^Wlnf^— ^ 
\l + x J \l + x J 

C2ix) :=(1 + In (l - + (1 + In (l + 

V 1 + X J \ 1 + x J 

c3,.,.«(.„i..,-)/;;>„(i±^)^ 

^ _ 2i^i(l,a(x),l+a(rr);-x-l) _ 2-^1 (l, 1 - a(rc), 2 - a(x); 
^^^^ a(x)(l ~ (a(x) - 1)(1 + 

2F1 (1, 1 - aix),2 - aix); f^) zi^i (l, a(x), 1 + a(a;); fq 
'^^^^^ '"(aCx) - 1)(1 - ^ ^(;^) ' 

Thus, 

^(1 + x)"(")C(x) = Ci(x) + C2ix) + C3(X) + C4(X) + C5(X). (3.12) 

Now, by applying Lemma 3.2, it is easy to see that 

hm Ci(x) = 0, (3.13) 

X — >oo 

and 

hm C2(x) = 0. (3.14) 

X — >oo 

Further, since < f{y) < 1, for \y\ < 1, we have 

1 + \ / 2 \ //l + x^"(") ' 



Again by Lemma 3.2, it fohows that 

hm Csix) = 0. (3.15) 

X — >oo 

Further, by applying (3.1) and (3.7) we get 

A 9 — n-f'-rV 3_ 1 

TT 



2F1 (1,1- 0(2;), 2 - a(x); -j^ 
Ca(x) = —T- T-^ r-. + 



{a{x) - 1)(1 + x)i-°W sin(a(2;)7r) 
2F1 (^l, 1 - a{x),2 - q(x); ^ 



(a(j;) - 1)(1 + 2;)i-°W 
Now, since < inf{a(x) : x S M} < sup{a(3;) : x € M} < 2, by (3.5), we have 



2F1 1,1- a(x), 2 - q(x); 2i^i U, 1 - a(x), 2 - a(x); 
- (a(x)-l)(x + l)i-"(^) (a(x)-l)(x + l)i-"(^) ' ' ^" ^ 



(3.16) 



X — ^00 
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Next, 

2F1 (^l,l-a(x),2-a(x);f^) 2F1 (l, 1 - a(x), 2 - f^) 

^^^"^^ "(a(x) - l){x + l)i-°W(x - a(x) - 1 

2F1 (1, 1 - a(x), 2 - a(x); f^) 2^1 (l, a{x), 1 + a(x); f^) 

H ;r^; \ • (3.18) 

a[xj — 1 a[x) 

Again, since < inf{a(x) : x € M} < sup{a(x) : x € M} < 2, by applying (3.5) and Lemma 3.1, we 
get 

/ 2i^i (l-a(x),l,2-a(x);f^) 2i^i (l - a(x), 1, 2 - a(x); 
x-^oo 1 (a(a;)-l)(x + l)i-"W(x-l)"W-i a(x) - 1 ' ' V - ; 

and from (3.5) we get 

2F1 (1 - a(x), 1, 2 - a(x); f^) 2^1 (l, a{x), 1 + a{x); 



+ 



a(x) — 1 a{x) 

1 — a(x) /x — 1\" 1 a(x) /x — iN" 



1 1 — a(x) / x — 1\ 1 

- 1 ^ 1 - a(x) + n \ x + l ) a(x) ^ 



a(x) — 1 ^ 1 — a(x) + ?i V X + 1 / aix) ^ aix) + n \ x + 1 

n=0 n=0 

1 1 ^ l-2a(x) f^ ^-^ V 

a(x) — 1 aix) (a(x) + n)(l — q(x) + n) \x + ly 

_ 1 1 ^ 1 - 2a(x) 

a{x) — 1 aix) iaix) + n)(l — a(x) + n) 

^ (a(x) + n)(l - q(x) + n) V + 1/ / 
Clearly, by the dominated convergence theorem we have 

li- f > , ^ ^ T { { - = 0, (3.20) 

(a(x) + n)(l - a(x) +n) V V^; + 1/ / 

and by using the Taylor series expansion of the function ctg(2/) we get 

1 1 1 — 2a(x) /7rQ;(x)\ 

a(x) - 1 ^ ^ ^ (a(x) +n)(l -a(x) +n) " )' 

Now, by combining (3.9) - (3.21) we get 

limsup ^(1 + x)"(^) [A[x) + C(x)) 

x >oo C(X j 

= Mm sup f 44(1 + x)'^(^)-V(x) + vrctg [ . (3.22) 
Finally, by combining (3.8), (3.9), (3.22) and assumption (1.2) we get 

limsup 44(1 + x)"(^Uy(x) < 0. 
The case when x < is treated in the same way. Therefore, we have proved the desired result. □ 
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Proof of Theorem 1.1 (ii). The proof is divided in three steps. 

Step 1. In the first step we explain our strategy of the proof. Let € C^(M) be an arbitrary 
nonnegative function such that ip{x) = \x\, for > 1, and (p{x) < \x\, for < 1. Let 6 € (0, 1) 
be arbitrary and let us define the function V : M — > M4. by the formula 

V{x) := 1 - {1 + ip{x))-^ . 

Clearly, V G C^(M) and the level set Cv{r) = {x : V{x) < r} is a compact set for all levels 
< r < 1. Furthermore, since the function V{x) is bounded 



{|s/l>i} 



{V{x + y)-Vix)) 



c{x) 



\ct{x)- 



< 00 



holds for all j; G M. Hence, by the relation (2.1), V G ^(-4) and for the function AV{x) we can 
take the function A°'V{x), where A" is again the infinitesimal generator of the stable-like process 
{X"}i>o given by (1.1). In the sequel we show that there exists < ro < 1, such that AV{x) > for 
allx G (Cy(ro))^ Clearly, 

^^Px&Cv{ro) < Thus, the desired result follows from Theorem 

2.3 (ii). Note that for the sets C,D CM, defined in Theorem 2.3 (ii), we can take C := Cy(ro) 
and D is an arbitrary closed set satisfying D and X{D) > 0. Now, from the continuity of the 

function V{x), we have 

supy(x) < inf V{x). 
x&C ^'6^ 

In order to prove the existence of such ro, since Cy(r) f M, when r 1, it suffices to show that 



a[x) 



liminf 

— >oo 6c{x) 



(1 + |x|)"(^)+^^y(x) > 0. 



(3.23) 



Step 2. In the second step we find more appropriate expression for the function AV{x). We 
have 



AV{x) = A^'Vix) =^{x)V'{x) + 
+ 



Let us define 



{V{x + y)- V{x) - V'{x)y) -^-^dy 

{\y\<l} 



{V{x + y)-V{x))-^^dy. 

{\y\>i} 



A{x) 
B{x) 

C{x) 



l5{x)V'{x) 



c{x) 



{V{x + y)-V{x))-^—^dy. 

{\y\>l} 



dy 



Hence, in order to prove (3.23) it suffices to prove 



a{x) 



Uminf 

\x\ — voo UC{X) 



(1 + |x|)"(^)+^(A(x) + B{x) + C{x)) > 0. 



(3.24) 
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Furthermore, for x > large enough we have 

B{x) = ((1 + xY' - (1 + X + y)-' - e{l + x)-'-'y) ^^j^dy 



and 



oo 



1 + X J I |y|"W+l 



By restricting the function 1 — (1 + t)~^ to intervals ( — 1,1) and [l,cx)), and using its Taylor 
expansion, that is, 

i-(i+r" = -E(7)*' 

for t G (—1, 1), where 

-e{-e-l)---{-0-i + l) 



we get 



1+x 
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Let us put 



l+x 

+ 



1 - X + y 
l + x 



dy 



1-1 + 



C2{x) :=^(l + x)"(^) 



l+x 
1 



y 



x-l 



l + x 

l + ip{x - y) 
l + x 



ya(x)+l 

\ dy 



ya{x)+l 

dy 



a{x)+l 



Caix) :=a(x)(l + x)"(^)-i 
C4(x) :=-^(l + xr(^-) 



l+x 

x~l 
oo 

E 

i=2 



y-'^^^Uy 



i J (l+x)* 



i px—l 



y 



i—a{x)~l 



dy 



i=2 



1 



Hence, we find 



a{x) 



i y (1 + x)* 



(1 + x)"(")+^C(x) = Ci{x) + C2{x) + C3(x) + Ci{x). 



l+x 



y 



i—a{x)~l 



dy 



9c{x 

Further, by (3.6), we have 

2 a{x) 2F1 [9, a{x) + 9,1 + a{x) + 9, -1) + a(x) 2^1 (9, a{x) + 9,1 + a(x) + 9, 1) 



(3.25) 



Ci(x) 



9{a{x) + 9) 

(x) 2F1 (9, a{x) + 9,1 + a{x) + 9, f^) - a(x) 2^1 {9, a(x) + 0,1 + a(x) + 0, 1) 



Next, by elementary computation, we have 

a(x) 



C3(x) 



1 — a(x) 



9{a{x) + 9) 



l+x 
x — 1 



a{x) — l'^ 



in the case when a{x) ^ 1, 



Csix) = In 



l + x 

X - 1 



in the case when a{x) = 1, and 
a(x) 



£■4(1) 



f f-")^ y(-o] 

^\2i 2i- aix) ^\2i 

i=l ^ ^ i=l ^ ' 



{2i - a(x))(l +x)2«-"W 



j=2 



(-1)* fx-1 



i J i — a{x) I \ 1 + X 



i—a(x) 



Step 3. In the tliird step we prove 
hminf 1^(1 + x)"(^)+^^y(x) = liminf ^^(1 + x)"(^)+^(^(x) + B{x) + C{x)) > 0. 

X — 5>oo 9c[X) X — i^oo 9c{x) 



17 



First, by the mean value theorem, we have 

a{x) 



Hm 

X — >oo 6c(x) 



(l+a;)"(^)+^B(x) = 0, 



and, by Lemma 3.2, we have 



and 



hm C2{x) = 



hm C^{x) = 0. 



(3.26) 



(3.27) 



(3.28) 



Further, since < inf{Q;(a;) : x € M} < sup{a(x) : x € M} < 2, from (3.5) and the dominated 
convergence theorem, it foUows 



hm 



a{x) 2F1 (e, a{x) + 9,1 + a{x) + 6, f^) - a{x) 2F1 {9, a{x) + 6,1 + a{x) + 6, 1) 



e{a{x) + e) 



and 



hm 

X >(X) 



^ V 2« 7 (2i - a{x)){l + 3;)2i-"(a;) ' ^ V ^ 7 ^ " "(^) \ + 



-TT + E 

aix) 



-1)* fx -I 



i—a{x) 



(3.29) 

= 0. 
(3.30) 



Thus, by combining (3.24) - (3.30), we have 



liminf ^^(1 + x)"(^)+^^l/(x) 

X — >QO 9c{x) 



hm inf 

X — ^00 



E 



2 2 

+ 



c{x)^^ ' 9 ^^\2i ) 2i - a{x) ' 9 

a{x) 2F1 {9, a{x) + 9,1 + a{x) + 9, -1) + a{x) 2-F1 {9, a{x) + 9,1 + a{x) + 9, 1) 



9{aix) + 9) 



Next, it can be proved that the function 



a \ ^ 

1=1 



2 2 a2Fi{9,a + 9,l + a + 9,-l) + a2Fi{9,a + 9,l + a + 9,l) 



2i J 2i-a 



+ ^ 



9{a + 9) 



is strictly decreasing, hence we choose 9 close to zero. From, (3.2), (3.3) and (3.4), we get 



2 2 a2Fi{9,a + 9,l + a + 9,-l) + a2Fi{9,a + 9,l + a + 9,l) 



2i — a 



+ 77 



9{a + 9) 



TTCtg 



'vra 



Now, the claim follows from condition (1.3). The case when a; < is treated in the same way. 
Therefore, we have proved the desired result. □ 
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In the case when hmsup|^| y^a{x) < 1, we also give an alternative, more probabilistic, proof 

of Theorem 1.1 (ii). 

Proof of Theorem 1.1 (ii). Let {Xn}n>o be a Markov chain on the real line given by the tran- 
sition kernel p{x, dy) := fx{y — x)dy, where fx{y) is the density function of the stable distribution 
with characteristic exponent p{x;S,) = —i/3{x)S^ + ^{x)\S,\°'^^\ Hence, the chain {Xn}n>o jumps from 
the state x by the stable distribution with the density function fx{y)- By [Sanl2a, Proposition 
5.5 and Theorem 1.4], the chain {Xn\n>Q is transient. Further, let {X^}„>o, m € N, be a se- 
quence of Markov chains on the real line given by transition kernels pm{,x,dy) := f^{y — x)dy, 
m G N, where f^{y) is the density function of the stable distribution with characteristic expo- 
nent Pm{x;0 ■= ^p{x;^). Then, by [Sanl2b, Proposition 2.13], all chains {X™}„>o, m G N, are 
transient as well. Further, by [BS09], we have 

Xl^.^ A X", as m^oo, 

where [x] denotes the integer part of x and — ^ denotes the convergence in the space of cadlag 
functions equipped with the Skorohod topology. Hence, the stable-like process {X°}t>o can be 
approximated by cadlag "versions" of chains {X^}n>o, m € N. Therefore, all we have to show 
is that this approximation keeps the transience property. But this fact follows from [Sanl2b, 
Proposition 2.4]. □ 

Proof of Theorem 1.2. We use a similar strategy as in Theorem 1.1 (ii). The proof is divided in 
three steps. 

Step 1. In the first step we explain our strategy of the proof. Let ip € C^(]R) be an arbitrary 
nonnegative function such that '^{x) = \x\, for |x| > 1, and <^(x) < for < 1, and let 9 € (l,a) 
be arbitrary (recall that 1 < a = inf{a(2;) : x G M}) and let us define the function V : M — > M+ 
by the formula 

V{x) := {^{x)f. 

Clearly, V G C^(M) and the level set Cv{r) = {x : V{x) < r} is a compact set for all levels r > 0. 
Furthermore, since 9 < inf{a(x) : x S M}, we have 



(V{x + y)-Vix))-^^dy 

{\y\>l} 



< oo 



for all X € M. Hence, by the relation (2.1), V € 'D{A) and for the function AV{x) we can take the 
function A°'V{x), where A"" is the infinitesimal generator of the stable-like process {X"}t>o given 
by (1.1). 

In the sequel we show that there exists tq > 0, large enough, such that AV{x) < — 1 for all 
X G (Cy(ro))^ Clearly, 

supxeC'v{ro) < Thus, the desired result follows from Theorem 

2.3 (iii). In order to see this, since Cv{r) t when r oo, it suffices to show that 

limsuplimsup^^|xr(^)-^(^y(x) + 1) < 0. (3.31) 

e — >a \x\ — >oo 9c[X) 

We have 

AV{x) + 1 = AV{x) + 1 =(]{x)V'{x) + / {V{x + y)- V{x) - V'{x)y) y^^-^dy 

J{\y\<l} 

J{\y\>l} \y\^W+^ 
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Let us define 

A{x) : = /3{x)V'{x) + 1 



Six) : = 1^^^^^^^ {V{x + y)- V{x) - V'{x)y) ^^,dy 



Hence, in order to prove (3.31) it suffices to prove 



limsuplimsup -\-^\x\''^''>-%A{x) + B{x) + C{x)) < 0. (3.32) 

e — >a \x\ — >oo pc(x) 



Furthermore, for x > large enough we have 

A{x) = 9p{x)x^-^ + 1 



and 



Bix) = ((X + yf - x^ - ex^~^y) ^^d. 



^' y Y ^\ c{x) ^ 



x-1 



By restricting the function (1+t)^ — 1 to intervals (—1,1) and [1, oo), and using its Taylor expansion, 
that is, 



for t € ( — 1, 1), we get 



oo 



l+x 



-"i:(!)^/%-"'^'-'^. 



i=l 

f oo 
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Let us put 

Ci{x) 

C2{X) 



a{x) 



a{x) 



,a(x) 



.a(x) 



1+x 
1+x 

x-l 

X 



1 -1 



dy 



ya{x)+l 



+ 



1 + 



dy 



(fix + y) 



dy 



ya{x)+l 



x-l 



C^{x) :-- 
Hence, we find 



E 

j=2 



i fX—1 



I X' 



V 



i=2 



I X'- 



y 



,i— Q{a;) — 1 



^x"i-)-^C{x) = + C2(x) + Gi{x) + C4(x). 



(3.33) 



Further, by (3.6), we have 



N _ _ 2 a(x) 2-Pi (-0, a{x) -6,1 + a{x) -6,1) + a{x) 2F1 (-6*, a{x) -6,1 + a{x) - 9, -1) 



a 1 



+ a{x) 



l + x 



6{a{x)-9) 

"(""^A _ a{x) 2F1 {-6, a{x) -6,1 + a{x) - 6, 1) 
) 6{a{x) - 6) 



(x)-p 2F1 ( -6, a{x) -9,1 + a{x) 



X 

l+x 



l + x J 9{a{x)-6) 
Next, by elementary computation, we have 



C.ix) 



a{x) 
1 — 01(3;) 



1 



X 



x-l 



and 



Ci{x) 



a[x) 



E 

i=l 



2i 



E 



+ E 

i=2 

Step 3. In the third step we prove 



2i - a{x) ^ \2i J {2i - a(x))x2»-"W 
6\ i-iy 



iji — a{x) \ \ X 



HmsupHmsup ^^^"(^^-^^^(x) = Km sup hm sup ^^x"(^')-''(^(x) + B{x) + C{x)) < 0. 



i-a X — >oo dc{x) >Q X — >oo 6c{X) 

First, by the mean value theorem, we have 

lim ^M^"W-9^(2;) = 0, 

X — >-oo 6c{x) 

and, by Lemma 3.2, we have 



(3.34) 



lim C2{x) = 



(3.35) 
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and 



lim Csix) = 0. 



(3.36) 



Further, since < inf{Q;(a;) : x € M} < sup{a(x) : x € M} < 2, from (3.5) and the dominated 
convergence theorem, it follows 



lim 

X — >-oo 



1 



+ a{x) 



'''^''A _ a{x) 2F1 {-9, a{x) -6,1 + a{x) - 9, 1) 
1 + xJ j e{a{x) - 9) 

2F1 (-9, a{x) -9,1 + a{x) -9,j^ 
1 + xJ 9{a{x) - 9) 



(3.37) 



and 



lim 

X — ^00 



E 



-i \2i} (2i - a(x))x2«-"W . „ 
Thus, by combining (3.32) - (3.38), we have 



-1)^ 



i J i — a{x) 



X - 1 



-a(x) 



0. (3.38) 



a{x) 
nmsup X 
X — >oD 9c[x) 



a{x)- 



^AV(x) 



lim sup 



c{x) ' 



2i — a{x) 



+ 



a{x) 2F1 {-9, a{x) -9,1 + a{x) - 9, -1) + a{x) 2-F1 {-9, a{x) -9,1 + a{x) - 9, 1) 

9{a{x) - 9) 



lim sup 



( 44x°(")-i/3(a;) + + E{a{x),9)\ 

\ c{x) 9c[x) J 



Clearly, because of the term 

x»{x)-9^ we choose 9 close to a. Now, from (1.3), it follows 



a{x) 



lim sup lim sup ' a: 

e — X — i^oo 9c[x) 



a(x)- 



^AV{x) < 0. 



The case when x < is treated in the same way. Therefore, we have proved the desired result. □ 

Proof of Corollary 1.3. In the case when a 7^ 2, the claim easily follows from Theorem 1.1. Fur- 
ther, in the case when a = 2, that is, in the Brownian motion case, the corresponding infinitesimal 
generator is given by f{x) = jf'ix) (recall that the symbol (characteristic exponent) is given 
by p{^) = 7|^|2) and clearly C'^{R) C V{A). Thus, for any / E C2(M), for the function Af{x) we 
can take the function A'^f{x). Now, by taking again V{x) = log(l + ^{x)) for the test function, 
where (p £ C'^(M.) is an arbitrary nonnegative function such that (p{x) = \x\ for all > 1, we get 



AV{x) = A'^V{x) 



-7 



(l + |x|)2 

for all |x| > 1, that is, the Brownian motion is recurrent. 



□ 
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Proof of Theorem 2.4- Let 6 G (1, a) be arbitrary (recall that 1 < a = infa^gK a{x)). Further, let 
there exist a Borel measurable function f{x) > 1 and strictly increasing, nonnegative and convex 
function ct){x), such that \x\^ = (j){f{x)) for all \x\ large enough, then, by [MT93b, Theorem 5.3 
(ii)], the stable-like process {X^}t>Q is /-ergodic if 

A\x\^ < - fix) 

holds for all \x\ large enough. Now, by repeating the proof of Theorem 1.2 and applying condition 
(2.2), we have 

limsup^^|xr(^)~^(J[y(x) + /(x)) 

\x\^cx, (^C{x} 

= limsup ( sgn(x)44l^r^'^^"V(2;) + ^^Ix^^'^'^-'^fix) + E{a{x),9)] < 0. 
|x|^oo V c{x) 9c{x) ) 

Therefore, we have proved the desired result. □ 
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